In this paper, we prove some common fixed point results with generalized contractive condition under the concept of a c-distance in cone metric spaces. Our results, extend and improve some well-known contractive conditions in literature.
Introduction
Let X be an arbitrary nonempty set and f, g : X → X be two self mappings. A common fixed point for f and g is a point x ∈ X such that f x = gx = x. Abbas and Jungck [3] studied common fixed point results for noncommuting mappings without continuity in cone metric space of Huang and Zhang [2] with normal cone. After that in 2009, Jungck et al. [4] generalized the results of Abbas and Jungck [3] by omitting the assumption of normality for cones in their results. For more details about common fixed point results on cone metric spaces see [14, 15, 16, 17, 18, 19, 20] .
In 2011, Cho et al. [5] introduced a new concept of a c-distance in cone metric spaces which is a generalization of ω-distance of Kada et al. [1] with some properties and proved some fixed point theorems in ordered cone metric spaces. For recent results under c-distance see [9, 10, 11, 12, 23, 24, 25] .
Wang and Guo [6] proved the following common fixed result under cdistance in cone metric space. They assumed that the cone P is normal and they did not require that f and g are weakly compatible. Theorem 1.1. ( [6] ) Let (X, d) be a cone metric space and P is a normal cone with normal constant K where q is a c-distance on X. Let a i ∈ (0, 1)(i = 1, 2, 3, 4) be constants with a 1 + 2a 2 + a 3 + a 4 < 1, let f : X −→ X and g : X −→ X be two mappings satisfying the condition q(f x, f y) a 1 kq(gx, gy) + a 2 q(gx, f y) + a 3 q(gx, f x) + a 4 q(gy, f y)
for all x, y ∈ X. Suppose that f (X) ⊆ g(X) and g(X) is a complete subspace of X. If f and g satisfy inf{ q(f x, y) + q(gx, y) + q(gx, f x) : x ∈ X} > 0 for all y ∈ X with y = f y or y = gy, then f and g have a common fixed point in X.
In above theorem, even it was without assumption of weakly compatible for mappings, but we can not apply it in the case of nonnormal cones.
In [22] , Fadail et.al improved Theorem 1.1 by removing normality condition in it formulation but they assumed that the mappings are weakly compatible Theorem 1.2. Let (X, d) be a cone metric space over a solid cone P and q is a c-distance on X. Let f : X −→ X and g : X −→ X be two self mappings satisfies the contractive condition q(f x, f y) a 1 q(gx, gy) + a 2 q(gx, f x) + a 3 q(gy, f y) + a 4 q(gx, f y), for all x, y ∈ X, where a i , i = l, 2, 3, 4 are none negative real numbers such that a 1 + a 2 + a 3 + 2a 4 < 1. If f (X) ⊆ g(X) and g(X) is a complete subspace of X, then f and g have a coincidence point x * in X. Further, if w = gx * = f x * then q(w, w) = θ. Moreover, if f and g are weakly compatible, then f and g have a unique common fixed point.
Then, Kaewkhao et.al [21] extended and generalized Theorem 1.1 of [6] by replacing the constant numbers in the contractive condition with functions as follows. Theorem 1.3. Let (X, d) be a cone metric space and P is a normal cone with normal constant K where q is a c-distance on X. Let f, g : X −→ X be two mappings such that g(X) ⊆ f (X) and g(X) a complete subspace of X. Suppose there exists mappings λ, µ, ν, γ : X −→ [0, 1) such that the following assertions hold:
x ∈ X} > 0 for all y ∈ X with y = f y or y = gy.
Then f and g have a common fixed point in X.
In spite of the Theorem 1.2 of Fadail et.al [22] is essential tool in the cdistance to conclude the existence and uniqueness of common fixed points of some type of mappings. It is interest to define mappings in the contractive condition. In this paper, we generalize Theorem 1.2 by replacing the constant numbers in the contractive condition with functions without assumption of normality for cones. Our results, extend and improve some well-known contractive conditions in literature, in particular, the results of Fadail et.al [22] and Kaewkhao et.al [21] .
Preliminaries
Let E be a real Banach space and θ denote the zero element in E. A cone P is a subset of E such that 1. P is nonempty set closed and P = {θ}, 2. If a, b are nonnegative real numbers and x, y ∈ P then ax + by ∈ P , 3. x ∈ P and −x ∈ P imply x = θ.
For any cone P ⊂ E, the partial ordering with respect to P is defined by x y if and only if y − x ∈ P . The notation of ≺ stand for x y but x = y. Also, we used x y to indicate that y − x ∈ intP , where intP denotes the interior of P . A cone P is called normal if there exists a number K such that
for all x, y ∈ E. Equivalently, the cone P is normal if (∀n) x n y n z n and lim
The least positive number K satisfying Condition 2.1 is called the normal constant of P .
This cone is nonnormal. Consider, for example, x n (t) = t n n and y n (t) = 1 n . Then θ x n y n , and lim n→∞ y n = θ, but
; hence x n does not converge to zero. It follows by Condition 2.2 that P is a nonnormal cone.
Definition 2.2. ([2]
) Let X be a nonempty set and E be a real Banach space equipped with the partial ordering with respect to the cone P . Suppose that the mapping d : X × X −→ E satisfies the following condition:
1. θ d(x, y) for all x, y ∈ X and d(x, y) = θ if and only if x = y,
Then d is called a cone metric on X and (X, d) is called a cone metric space.
for all x, y ∈ X where α ≥ 0 is a constant. Then (X, d) is a cone metric space (The cone P is normal with normal constant K = 1).
) be a cone metric space, {x n } be a sequence in X and x ∈ X.
1. For all c ∈ E with θ c, if there exists a positive integer N such that d(x n , x) c for all n > N , then x n is said to be convergent and x is the limit of {x n }. We denote this by x n −→ x.
2. For all c ∈ E with θ c, if there exists a positive integer N such that
c for all n, m > N , then {x n } is called a Cauchy sequence in X. 1. If E be a real Banach space with a cone P and a λa where a ∈ P and 0 ≤ λ < 1 , then a = θ.
2. If c ∈ intP , θ a n and a n −→ θ, then there exists a positive integer N such that a n c for all n ≥ N . (q1) θ q(x, y) for all x, y ∈ X, (q2) q(x, z) q(x, y) + q(y, z) for all x, y, z ∈ X, (q3) for each x ∈ X and n ≥ 1, if q(x, y n ) u for some u = u x ∈ P , then q(x, y) u whenever {y n } is a sequence in X converging to a point y ∈ X,
for all x, y ∈ X. Then (X, d) is a cone metric space. Define a mapping q : X × X −→ E by q(x, y) = (y, y) for all x, y ∈ X. Then q is a c-distance on X (see [7, 8] ).
(the set of all real valued functions on X which also have continuous derivatives on X), P = {ϕ ∈ E : ϕ(t) ≥ 0}. A cone metric d on X is defined by d(x, y)(t) = |x − y| · φ(t) where φ ∈ P is an arbitrary function (e.g., φ(t) = e t ). This cone is nonnormal (see Example 2.1). It is easy to see that (X, d) is a complete cone metric space. Define a mapping q : X × X −→ E by q(x, y)(t) = 2d(x, y)(t) for all x, y ∈ X. It is easy to see that q is a c-distance on X.
The following lemma is useful in our work.
Lemma 2.9. ([5])
Let (X, d) be a cone metric space and q is a c-distance on X. Let {x n } and {y n } be sequences in X and x, y, z ∈ X. Suppose that u n is a sequences in P converging to θ. Then the following hold:
1. If q(x n , y) u n and q(x n , z) u n , then y = z.
2. If q(x n , y n ) u n and q(x n , z) u n , then {y n } converges to z.
3. If q(x n , x m ) u n for m > n, then {x n } is a Cauchy sequence in X.
4. If q(y, x n ) u n , then {x n } is a Cauchy sequence in X. 1. q(x, y) = q(y, x) does not necessarily for all x, y ∈ X.
2. q(x, y) = θ is not necessarily equivalent to x = y for all x, y ∈ X.
Recall the following definitions:
Definition 2.11. An element x ∈ X is called 1. a coincidence point of mappings f : X −→ X and g : X −→ X if w = gx = f x and w is called a point of coincidence.
2. a common fixed point of mappings f : X −→ X and g :
Definition 2.12. The mappings f : X −→ X and g : X −→ X are called weakly compatible if gf x = f gx whenever gx = f x.
Common fixed point theorem
In this section, we will prove common fixed point theorem under the concept c-distance on cone metric spaces with out assumption of normality cones. The only assumptions are that, the mappings are weakly compatible and the cone P is solid, that is intP = ∅.
Theorem 3.1. Let (X, d) be a cone metric space over a solid cone P and q is a c-distance on X. Let f : X −→ X and g : X −→ X be two self mappings and suppose there exists mappings k, l, r, t : X −→ [0, 1) such that the following assertions hold:
If f (X) ⊆ g(X) and g(X) is a complete subspace of X, then f and g have a coincidence point x * in X. Further, if w = gx * = f x * then q(w, w) = θ. Moreover, if f and g are weakly compatible, then f and g have a unique common fixed point.
Proof. Let x 0 be an arbitrary point in X. Choose a point x 1 in X such that gx 1 = f x 0 . This can be done because f (X) ⊆ g(X). Continuing this process we obtain a sequence {x n } in X such that gx n+1 = f x n . Then we have
So,
Note that
Let m > n ≥ 1. Then it follows that
Thus, Lemma 2.9 (3) shows that {gx n } is a Cauchy sequence in X. Since g(X) is complete, there exists x * ∈ X such that gx n −→ gx * as n −→ ∞. By q3 we have:
On the other hand and by using (3.1):
Thus, Lemma 2.9 (1), (3.2) and (3.3) show that gx * = f x * . Therefore, x * is a coincidence point of f and g and w is a point of coincidence of f and g where w = gx * = f x * for some x * in X.
Suppose that w = gx * = f x * . Then we have
= k(w)q(w, w) + l(w)q(w, w) + r(w)q(w, w) + t(w)q(w, w) = (k + l + r + t)(w)q(w, w).
Since (k + l + r + t)(w) < 1, Lemma 2.5 (1) shows that q(w, w) = θ.
Finally, suppose there is another point of coincidence u of f and g such that u = f y * = gy * for some y * in X. Then we have
Since (k + t)(w) < 1, Lemma 2.5 (1) shows that q(w, u) = θ. Also, we have q(w, w) = θ. Thus, Lemma 2.9 (1) shows that w = u. Therefore, w is the unique point of coincidence. Now, let w = gx * = f x * . Since f and g are weakly compatible, we have gw = ggx * = gf x * = f gx * = f w.
Hence, gw is a point of coincidence. The uniqueness of the point of coincidence implies that gw = gx * . Therefore, w = gw = f w. Hence, w is the unique common fixed point of f and g.
The following corollaries can be obtained as consequences of Theorem 3.1.
Corollary 3.2. Let (X, d) be a cone metric space over a solid cone P and q is a c-distance on X. Let f : X −→ X and g : X −→ X be two self mappings and suppose there exists a mapping k : X −→ [0, 1) such that the following assertions hold:
Corollary 3.3. Let (X, d) be a cone metric space over a solid cone P and q is a c-distance on X. Let f : X −→ X and g : X −→ X be two self mappings and suppose there exists mappings l, r : X −→ [0, 1) such that the following assertions hold:
(a) l(f x) ≤ l(gx) and r(f x) ≤ r(gx) for all x ∈ X, (b) (l + r)(x) < 1 for all x ∈ X, (c) q(f x, f y) l(gx)q(gx, f x) + r(gx)q(gy, f y) for all x, y ∈ X.
If f (X) ⊆ g(X) and g(X) is a complete subspace of X, then f and g have a coincidence point x * in X. Further, if w = gx * = f x * then q(w, w) = θ. Moreover, if f and g are weakly compatible, then f and g have a unique common fixed point. Now, we present one example to illustrate our results. In the the example (the case of a nonnormal cone), the conditions of theorem 3.1 are fulfilled, but Theorem 1.3 of Kaewkhao et.al [21] cannot be applied. for all x ∈ X. Clear that f (X) ⊆ g(X) and g(X) is a complete subset of X. Note that, we (because of nonnormality of the cone) can not apply Theorem 1.3 of Kaewkhao et.al [21] . But we can apply our theorem. Define k, l, r, t : X −→ [0, 1) by k(x) = 
